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Abstract: In this study, we consider charged massive scalar fields around a Kerr-Sen spacetime. The radial and
angular parts of the covariant Klein-Gordon equation are solved in terms of the confluent Heun function. From the
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1 Introduction
Black holes are interesting objects predicted by the theory of general relativity. To understand the physics of these
objects, we can study the physical processes that occur in spacetime associated with them. Among these studies, we
can mention the ones corresponding to Hawking radiation, scattering of particles and fields of different spins, and
resonant frequencies [1–9]. The last one is of special interest to us and will be examined in this study on scalar fields.
The investigation of these phenomena involves the solution of an ordinary differential equation. In our case, we
want to solve the Klein-Gordon equation for a charged massive scalar field in the background under consideration.
Thus, to obtain the exact solution for this equation, we need to use the most general function in mathematical
physics, namely, Heun functions. During last decades, Heun functions have gained increasingly more importance due
to its large number of applications in different areas of physics and mathematics. Otherwise, without the use of these
functions, finding the exact analytical solutions of the Klein-Gordon equation in the entire spacetime is not possible
[10–14].
Recently, several physical processes in the background of Kerr-Sen black holes were studied, for instance, the
scattering of photons and the evaporation process. Furthermore, the conformal symmetries of a Kerr-Sen black hole
and the instability of a bound state for a charged massive scalar field in the spacetime background of such a black
hole is studied. In addition, the holographic dual of a conformal field theory (CFT) for the scattering process in the
background of a Kerr-Sen black hole is investigated. Other important issues regarding the Kerr-Sen background are
as follows: properties of shadow, cosmic censorship conjecture, Hawking-temperature and entropy, and the increasing
amount of evidence that various galaxies contain a supermassive black hole at their center. Therefore, these lines of
research have motivated researchers to develop theoretical approaches in order to explain such phenomena [15–23].
The thermal radiation of black holes describes black body radiation as being a quantum effect, as predicted in the
mid-1970s [24, 25]. It constitutes one of the most important characteristic which arises as an effect of the curvature
of the spacetime on quantum fields. Thus, it is essentially a semiclassical effect due ti the fact that it occurs in a
spacetime generated by classical gravitational fields which the matter fields are quantized. This implies that the
Hawking radiation connects classical gravity and quantum field theory and hence its investigation could help us to
understand gravity itself in addition to a better understanding of the physics of a black hole [26–29]. Therefore, it is
important, from different perspectives, to investigate the Hawking radiation emitted by black holes.
While studying the physics of black holes, we can obtain information through the interaction of these fields with
different quantum fields. One of these information are related to the resonant frequencies of the radiation emitted
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by black holes associated with exponentially decaying oscillations whose values depend on the parameters describing
the black holes, such as mass, charge and angular momentum. Thus, calculating and analyzing these frequencies to
obtain some information about the physics of these objects is important.
In this paper, we use the confluent Heun functions to obtain the exact solution of the Klein-Gordon equation for
a charged massive scalar field in the Kerr-Sen spacetime. This solution is used to study the resonant frequency and
Hawking radiation. While discussing the Hawking radiation, we study some aspects of the thermodynamics of this
black hole.
The outline of this paper is as follows. In Section 2, we present the solutions of the Klein-Gordon equation for
a charged massive scalar field in the Kerr-Sen black hole spacetime for both angular and radial parts. In Section 3,
we discuss the Hawking radiation of scalar waves. In Section 4, we obtain the resonant frequencies for both massive
and massless scalar particles. Finally, in Section 5, the conclusions are provided.
2 Scalar fields in the Kerr-Sen black hole
We want to study the interaction between scalar fields and the background corresponding to the four-dimensional
charged and rotating black hole solution in the low energy limit of the heterotic string field theory, called Kerr-Sen
spacetime (KS spacetime), whose line element in the Boyer-Lindquist coordinates is given by [30]
ds2 = − 1
ρ2
KS
(∆KS−a2 sin2 θ) dt2+ ρ
2
KS
∆KS
dr2+ρ2
KS
dθ2
+
(
ρ2
KS
+a2 sin2 θ+
2Mra2 sin2 θ
ρ2
KS
)
sin2 θ dφ2
−4Mra
ρ2
KS
sin2 θ dt dφ , (1)
with
∆KS = r
2+2(b−M)r+a2=(r−r+)(r−r−) , (2)
r±=(M−b)±
√
(M−b)2−a2 , (3)
ρ2
KS
= r2+2br+a2 cos2 θ , (4)
b=
Q2
2M
, (5)
where M , Q, and a = J/M denote the mass, charge, and angular momentum per unit mass of the KS black hole,
respectively. The parameter b is related to the dilaton field.
The four-vector electromagnetic potential is given by [31]
Aσ =
(
−Qr
ρ2
KS
,0,0,
Qrasin2 θ
ρ2
KS
)
. (6)
In what follows, let us obtain some geometrical and thermodynamics parameters of the KS spacetime, which will
be used in the next section.
Firstly, let us calculate the gravitational acceleration on the KS black hole horizon surface, κ±, which is given by
κ±=
1
2(r2±+2br±+a2)
d∆KS
dr
∣∣∣∣
r=r±
=
r±−r∓
2(r2±+2br±+a2)
. (7)
As for the Hawking temperature, T±, we have
T±=
κ±~
2pikB
, (8)
where the thermodynamic quantity β± is given by
β±=
1
kBT±
. (9)
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The surface areas of the exterior and interior event horizons, A±, are given by
A±=
∫ ∫ √−g dθ dφ
∣∣∣∣
r=r±
=4pir±(r±−2b) , (10)
so that the entropy at the event horizon, S±, can be written as
S±=
A±
4
= pir±(r±−2b) . (11)
The dragging angular velocity, Ω±, and the electric potential, Φ±, are very near the event horizon r±, and are
given by
Ω±=− gtφ
gφφ
∣∣∣∣
r=r±
=
a
r2±+2br±+a2
, (12)
Φ±=
Qr±
r2±+2br±+a2
. (13)
Note that all these quantities depend on the event horizons that are determined by the parameters characterizing
the black hole and the dilaton.
2.1 Klein-Gordon equation
Now, to study the behavior of a charged massive scalar field in a curved spacetime, we need to consider the
covariant Klein-Gordon equation, which can be written as
[
1√−g∂σ(g
στ
√−g∂τ )− ie(∂σAσ)−2ieAσ∂σ
− ie√−gA
σ(∂σ
√−g)−e2AσAσ−µ20
]
Ψ=0 , (14)
where µ0 and e denote the mass and the charge of the scalar particle, respectively. Note that we have chosen the
units G≡ c≡ ~≡ 1.
Thus, substituting Eqs. (1) and (6) into Eq. (14), we obtain
{
− 1
∆KS
[(r2+2br+a2)2−∆KSa2 sin2 θ] ∂
2
∂t2
+
∂
∂r
(
∆KS
∂
∂r
)
+
1
sinθ
∂
∂θ
(
sinθ
∂
∂θ
)
+
∆KS−a2 sin2 θ
∆KS sin
2 θ
∂2
∂φ2
− 4Mar
∆KS
∂2
∂t∂φ
−2ieQr
∆KS
[
(r2+2br+a2)
∂
∂t
+a
∂
∂φ
]
+
e2Q2r2
∆KS
−µ20ρ2KS
}
Ψ=0 . (15)
At this point, we need to choose a separation of variables for the scalar wave function Ψ that permits us to
separate the radial and angular parts of the Klein-Gordon equation (15). In this manner, by taking into account the
spacetime symmetry, we can write Ψ as
Ψ=Ψ(r, t)=R(r)S(θ)eimφe−iωt , (16)
where m is the azimuthal quantum number and ω is the frequency (energy) of the scalar particle.
In what follows, we will solve both the angular and radial equations of the covariant Klein-Gordon equation.
2.2 Angular equation
Thus, by substituting of Eq. (16) into (15), we obtain the angular part of the covariant Klein-Gordon equation,
namely,
1
sinθ
d
dθ
(
sinθ
dS
dθ
)
+
(
Λm+c
2
0 cos
2 θ− m
2
sin2 θ
)
S=0 , (17)
with
c20 = a
2(ω2−µ20) , (18)
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Λm=λm−c20+2aωm , (19)
where λm is a separation constant.
Thus, to solve Eq. (17) we use the procedure developed in our recent papers (see for example [32] and references
therein). In this manner, the general solution of the angular part of the covariant Klein-Gordon equation for a
charged massive scalar field in the KS black hole, in the region exterior to the event horizon, can be written as
S(x) = x
1
2 ( 12+β)(x−1) 12 γ{C1 HeunC(α,β,γ,δ,η;x)
+C2 x
−β HeunC(α,−β,γ,δ,η;x)} , (20)
with
x=cos2 θ , (21)
where C1 and C2 are constants, and the parameters α, β, γ, δ, and η are given by
α=0 , (22)
β=
1
2
, (23)
γ=m , (24)
δ=−c
2
0
4
, (25)
η=
1
4
(1+m2−Λm) . (26)
Due to the fact that β is not necessarily an integer, these two functions form linearly independent solutions of the
confluent Heun differential equation [33], namely,
d2U(x)
dx2
+
(
α+
β+1
x
+
γ+1
x−1
)
dU(x)
dx
+
(
µ
x
+
ν
x−1
)
U(x)= 0 , (27)
where U(x)=HeunC(α,β,γ,δ,η;x) is the confluent Heun function. The parameters µ and ν are given by
µ=
1
2
(α−β−γ+αβ−βγ)−η , (28)
ν=
1
2
(α+β+γ+αγ+βγ)+δ+η . (29)
2.3 Radial equation
The radial part of the covariant Klein-Gordon equation can be written as
d
dr
(
∆KS
dR
dr
)
+
{
1
∆KS
[ω(r2+2br+a2)−(am+eQr)]2
−[λm+µ20(r2+2br+a2)]
}
R=0 . (30)
The general solution of Eq. (30), in the region exterior to the event horizon, can be written as
R(x) = x
β
2 (x−1) γ2 eα2 x{C1 HeunC(α,β,γ,δ,η;x)
+C2 x
−β HeunC(α,−β,γ,δ,η;x)} , (31)
where we have introduced a new variable defined by
x=
r−r+
r−−r+ . (32)
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In Eq. (31), C1 and C2 are constants, and the parameters α, β, γ, δ, and η are now given by
α=2i(r+−r−)(ω2−µ20)
1
2 , (33)
β=
2i
r+−r− [ω(r
2
++2br++a
2)−(am+eQr+)] , (34)
γ=
2i
r+−r− [ω(r
2
−+2br−+a
2)−(am+eQr−)] , (35)
δ=(r+−r−)[2eQω+(r++r−+2b)(µ20−2ω2)] , (36)
η = − 1
(r+−r−)2 {2e
2Q2r+r−+r
2
+λm−2r+r−λm+r2−λm+2br3+µ20
+r4+µ
2
0−4br2+r−µ20−2r3+r−µ20+2br+r2−µ20+r2+r2−µ20−4a3mω
+2eQr+(r
2
+−4br−−3r+r−)ω+2a4ω2−4br3+ω2−2r4+ω2
+8b2r+r−ω
2+12br2+r−ω
2+4r3+r−ω
2
+2am[(eQ−2ωb)(r++r−)−2ωr+r−]
+a2[2m2+(r2++r
2
−)µ
2
0+r−(4bω
2−2eQω)
−2r+(r−µ20+eQω−2bω2−2r−ω2)]} . (37)
Next, we will use this radial solution to investigate two interesting physical phenomena: the black hole radiation
and the discrete spectrum of energy levels.
3 Hawking radiation
In this section, we will use the radial solution and the properties of the confluent Heun function in order to obtain
the Hawking radiation spectrum.
The expansion in power series of the confluent Heun function with respect to the independent variable x, in a
neighborhood of the regular singular point x=0, is given by [34]
HeunC(α,β,γ,δ,η;x) = 1+
1
2
(−αβ+βγ+2η−α+β+γ)
(β+1)
x
+
1
8
1
(β+1)(β+2)
(α2β2−2αβ2γ+β2γ2
−4ηαβ+4ηβγ+4α2β−2αβ2−6αβγ
+4β2γ+4βγ2+4η2−8ηα+8ηβ+8ηγ
+3α2−4αβ−4αγ+3β2+4βδ
+10βγ+3γ2+8η+4β+4δ+4γ)x2
+ . . . . (38)
Thus, the radial solution when r→ r+, which implies that x→ 0, behaves as
R(r)∼C1 (r−r+)β/2+C2 (r−r+)−β/2 , (39)
where only the contributions of the first term in the expansion were taken into account, and all remaining constants
were included in C1 and C2. Then, by taking into account the solution of time dependence, near the KS black hole
event horizon r+, we can write
Ψ= e−iωt(r−r+)±β/2 . (40)
In this case, from Eq. (34), for the parameter β, we obtain
β
2
=
i
2κ+
(ω−ω+) , (41)
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where
ω±=mΩ±+eΦ± . (42)
Thus, the ingoing and outgoing wave solutions in the KS black hole horizon surface can be written as
Ψin=e
−iωt(r−r+)−
i
2κ+
(ω−ω+) , (43)
Ψout(r > r+)= e
−iωt(r−r+)
i
2κ+
(ω−ω+) . (44)
The relative scattering probability of the scalar wave at the exterior event horizon surface is given by
Γ+(ω)=
∣∣∣∣Ψout(r > r+)Ψout(r < r+)
∣∣∣∣
2
=e
− 2pi
κ+
(ω−ω+) =e−β+(ω−ω+) . (45)
Thus, according to the Damour-Ruffini-Sannan method [27, 35], we can obtain a Hawking radiation spectrum of
scalar particles, which is given by
N¯ω=
Γ+
1−Γ+ =
1
eβ+(ω−ω+)−1 . (46)
Equation (46) corresponds to the black body spectrum described by charged massive scalar particles that are emitted
from the KS black hole. In fact, this is a finite solution for the wave function near the exterior event horizon of the
background spacetime under consideration.
Now, we consider the limit where ω is a continuous variable. Thus, we obtain the following expression for the
total rate of particle emission
dN
dt
=
∫ ∞
0
N¯ω
2pi
dω=
1
β+
ln
(
1
1−eβ+ω+
)
. (47)
Furthermore, the mass loss rate is given by
dM
dt
=− 1
2pi
∫ ∞
0
N¯ω ω dω=− 1
2pi
1
β2+
Li2(e
β+ω+) , (48)
where Lin(z) is the polylogarithm function with n running from 1 to∞. Therefore, the flux of charged scalar particles
at infinity, Φ, can be calculated as
Φ=
∣∣∣∣dMdt
∣∣∣∣= 12pi
1
β2+
Li2(e
β+ω+) . (49)
According to the canonical assembly theory [36], assuming that the frequency (energy) is continuous, the free
energy of the scalar particle is given by
F+ =−
∫ ∞
0
Γ+(ω)
eβ+(ω−ω+)−1 dω=
eβ+ω+ +ln(1−eβ+ω+)
β+
. (50)
Finally, the entropy of the KS black hole is given by
S= β2+
∂F
∂β+
=
eβ+ω+ [1+eβ+ω+(β+ω+−1)]
eβ+ω+−1 − ln(1−e
β+ω+) . (51)
The above results show that the radiation spectrum, flux of particles, as well as the thermodynamics variables
such as free energy and entropy are similar to the corresponding ones in the framework of Kerr-Sen black hole
spacetime.
4 Resonant frequencies
In this section, we want to compute the field energies, that is, the resonant frequencies for scalar waves propagating
in a Kerr-Sen black hole. To do this, we will follow our technique developed in Ref. [37].
This approach imposes boundary conditions on the radial solution, which are as follows: the radial solution should
be finite on the exterior event horizon and well behaved at an asymptotic infinity.
The first condition is completely satisfied as we can see from the wave solution that describes the Hawking
radiation in the background under consideration. The latter condition requires that R(x) must have a polynomial
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form. Then, the function HeunC(α,β,γ,δ,η;x) becomes a polynomial of degree n if the following δ-condition is
satisfied
δ
α
+
β+γ
2
+1=−n , (52)
where n= {0,1,2, . . .} is the principal quantum number.
Substituting Eqs. (33)-(36) into Eq. (52), we obtain the following expression that involves the resonant frequencies
associated with charged massive scalar particles in a Kerr-Sen black holes:
ωeQ+M(µ20−2ω2)
(µ20−ω2) 12
+
i
2
[
ω
(
1
κ+
+
1
κ−
)
−
(
ω+
κ+
+
ω−
κ−
)]
=−(n+1) . (53)
This quantization law gives a complex number, that is, we obtain a frequency (energy) spectrum such that ω =
ωR+ i ωI , where ωR and ωI are the real and imaginary parts, respectively. Note that there is no dependence on the
eigenvalue λm and hence the eigenvalues given by Eq. (53) are not degenerate.
Equation (53) is a second-order equation for ω and hence has two solutions, which can be numerically obtained
using the FindRoot function in the Wolfram MathematicaR© 9, such that (ω−ω (1)n )(ω−ω (2)n ) = 0. The resonant
frequencies ω (1)0 and ω
(2)
0 are shown in Tables 1 and 2, respectively, where the units are given as multiples of the
total mass M .
Table 1. Scalar resonant frequencies ω
(1)
n of a Kerr-Sen black hole for e = 0.1, a = 0.5, m = 0 and µ0 = 0.8. We
focus on the fundamental mode n=0.
b Re[ω (1)0 ] Im[ω
(1)
0 ]
0.00 0.00000 0.08126
0.01 0.00680 0.08101
0.04 0.01361 0.08018
0.09 0.02045 0.07861
0.16 0.02733 0.07582
0.25 0.03431 0.07074
0.36 0.04151 0.05995
0.49 0.04938 0.01948
0.64 -0.04467 0.00000
Table 2. Scalar resonant frequencies ω
(2)
n of a Kerr-Sen black hole for e = 0.1, a = 0.5, m = 0 and µ0 = 0.8. We
focus on the fundamental mode n=0.
b Re[ω (2)0 ] Im[ω
(2)
0 ]
0.00 -0.80687 0.07081
0.01 -0.80781 0.07236
0.04 -0.80977 0.07310
0.09 -0.81309 0.07252
0.16 -0.81824 0.06926
0.25 -0.82530 0.05996
0.36 -0.82942 0.03705
0.49 -0.80429 0.00103
0.64 -0.62255 0.00000
The resonant frequencies obtained are shown in Figs. 1, 2, 3, 4, 5, and 6 as a function of e, a, b, m, µ0, and n,
respectively, where the units are given as multiples of the total mass M .
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Fig. 1. Scalar resonant frequencies of a Kerr-Sen black hole as a function of e for a=0.4, b=0.01, m=1, and µ0 =0.4.
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Fig. 2. Scalar resonant frequencies of a Kerr-Sen black hole as a function of a for e=0.6, b=0.01, m=1, and µ0 =0.5.
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Fig. 3. Scalar resonant frequencies of a Kerr-Sen black hole as a function of b for e=0.7, a=0.3, m=1, and µ0 =0.6.
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4.1 Massless scalar fields
The expression for the resonant frequencies can be exactly solved for ωn when we have a massless scalar field.
Thus, in the case where µ0=0, the resonant frequencies are given by
ωn =
am−e{
√
2b3−M
√
2b−
√
2b[(b−M)2−a2]}
2M(
√
(b−M)2−a2−b+M)
+i
(n+1)
√
(b−M)2−a2
2M(
√
(b−M)2−a2−b+M) , (54)
where the principal quantum number n is either a positive integer or zero.
The eigenvalues given by Eq. (54) are also not degenerate as that there is no dependence on the eigenvalue λm.
The massless scalar resonant frequencies, ω1, are shown in Table 3, where the units are given as multiples of the total
mass M .
Table 3. Massless scalar resonant frequencies for a Kerr-Sen black hole for e= 0.1, a= 0.5, and m= 0. We focus
on the first excited mode n=1.
b Re(ω1) Im(ω1)
0.00 0.00000 0.46410
0.01 0.00707 0.46326
0.04 0.01414 0.46053
0.09 0.02121 0.45520
0.16 0.02828 0.44554
0.25 0.03536 0.42705
0.36 0.04243 0.38432
0.49 0.04950 0.16462
0.64 -0.44309 0.48160
We present the massless scalar resonant frequencies in Figs. 7, 8, 9, 10, and 11 as a function of e, a, b, m, and n,
respectively, where the units are given as multiples of the total mass M .
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Fig. 7. The massless scalar resonant frequencies of a Kerr-Sen black hole as a function of e for a=0.4, b=0.01 and m=1.
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Fig. 8. The massless scalar resonant frequencies of a Kerr-Sen black hole as a function of a for e=0.6, b=0.01 and m=1.
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Fig. 9. The massless scalar resonant frequencies of a Kerr-Sen black hole as a function of b for e=0.7, a=0.3 and m=1.
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Fig. 10. The massless scalar resonant frequencies of a Kerr-Sen black hole as a function of m for e=1.0, a=0.2 and b=1.
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Fig. 11. Scalar resonant frequencies of a Kerr-Sen black hole as a function of n for e=0.1, a=0.1, b=0.01 and m=1.
5 Conclusions
In this study, we have considered the interaction between charged massive scalar fields and the Kerr-Sen black
hole. We solved the covariant Klein-Gordon equation and then analyzed some interesting physical phenomena that
correspond to the Hawking radiation spectrum and the resonant frequencies. We also examined how thermodynamics
quantities such as entropy and free energy depend on the parameter b associated to the dilaton.
The Hawking radiation spectrum was obtained from the asymptotic behavior of the radial solution at the exterior
event horizon, where we have used the expansion in the power series of the confluent Heun function. With regard to
the Hawking radiation we obtained a black hole radiation spectrum that resembles the one obtained in the context of
the Kerr-Newman black hole spacetime. All others quantities such as the flux of particles, free energy, and entropy
preserve the similarity with the corresponding results in Kerr-Newman spacetime.
We have obtained a general expression for the resonant frequencies from the boundary conditions imposed to the
radial solution and studied the behavior of the oscillations and how fast they disappear. By using a numerical method,
we obtain some values for the resonant frequencies as a function of the involved parameters. We also analyzed the
case of massless scalar particles.
As we can see from Figs. 1-6 for the massive case as well from Figs. 7-11 for the massless case, the resonant
frequencies depend on the parameter that codifies the presence of the dilaton field as well as on the physical parameters
such as mass, charge, and angular momentum. We also emphasize how different are the resonant frequencies for
different modes, for example, the fundamental and the first and second excited modes.
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